At non-zero temperature classical systems exhibit statistical fluctuations of thermodynamic quantities arising from the variation of the system's initial conditions and its interaction with the environment. The fluctuating work, for example, is characterised by the ensemble of system trajectories in phase space and, by including the probabilities for various trajectories to occur, a work distribution can be constructed. However, without phase space trajectories, the task of constructing a work probability distribution in the quantum regime has proven elusive. Here we use quantum trajectories in phase space and define fluctuating work as power integrated along the trajectories, in complete analogy to classical statistical physics. The resulting work probability distribution is valid for any quantum evolution, including cases with coherences in the energy basis. We demonstrate the quantum work probability distribution and its properties with an exactly solvable example of a driven quantum harmonic oscillator. An important feature of the work distribution is its dependence on the initial statistical mixture of pure states, which is reflected in higher moments of the work. The proposed approach introduces a fundamentally different perspective on quantum thermodynamics, allowing full thermodynamic characterisation of the dynamics of quantum systems, including the measurement process.
I. INTRODUCTION
Landau said "All the concepts and quantities of thermodynamics follow most naturally, simply and rigorously from the concepts of statistical physics" [1] . While the second law of thermodynamics puts limits on the work drawn from a system, this work is most naturally viewed as the average over a statistical work distribution [2, 3] . Classically, the work distribution is constructed from the ensemble of system trajectories in phase space. These trajectories specify the energy of the system at all times, thus allowing the work done on the system to be computed. In the quantum case the concept of fluctuating work has proven elusive [4, 5] because, in the conventional view, trajectories in quantum mechanics are considered to be impossible [6] . Trajectories in phase space can, however, be constructed in an alternative formulation of quantum mechanics [6] [7] [8] [9] [10] [11] which makes predictions consistent with experimental results. Here we utilise this approach to define work and its distribution function for quantum systems.
Numerous definitions of quantum work have been proposed , the most widely used being the two measurement protocol (TMP) definition for closed quantum systems [14, 15, 33] . The TMP leads to a quantum version of the Jarzynski equality [2, 3, 14, 34] and the Tasaki-Crooks relation [14, 35, 36] , the classical correspondence has been elucidated [37] and experimental implementation is relatively straightforward [16, [38] [39] [40] [41] [42] [43] [44] . The TMP has been extended to open systems [45] [46] [47] [48] [49] , to continuously measured processes [50, 51] and to relativistic systems [52] . Other approaches include using a power or work operator [4, 12, 13, 22, 53, 54] , measuring the system by coupling it weakly to a * rui.ferreirasampaio@aalto.fi † t.g.philbin@exeter.ac.uk detector [17] , the full counting statistics (FCS) approach [26] [27] [28] , and work definitions based on entropic principles [19] [20] [21] [55] [56] [57] [58] . Work definitions based on trajectories in Hilbert space include the quantum jump approach [46, 59, 60] and the consistent histories framework [25] . None of these approaches yields a positive work distribution based on trajectories in phase space.
In this paper we provide a positive work distribution for arbitrary statistical mixtures of wave functions in a manner fully analogous to the classical work definition. Contrasting with all previous studies of work in the quantum regime, this work distribution is established using quantum HamiltonJacobi theory which we briefly recall in Sec. II. In Sec. III we show how the fluctuating work is defined for initial pure states, i.e. wave functions, and derive the work distribution for closed processes that begin in an initial statistical mixtures of wave functions. We show that the average work of this distribution always coincides with the change in the expectation value of the internal energy, i.e. energy conservation is ensured. The relation to the TMP work distribution and the use of the Hamilton-Jacobi approach for finite-dimensional systems are also discussed. In Sec. IV the Hamilton-Jacobi work distribution is illustrated with an exactly solvable example, a driven quantum harmonic oscillator. We conclude in Sec. V that the work distribution based on Hamilton-Jacobi theory provides a natural characterisation of work and its fluctuations in coherent quantum systems while recovering the classical definition in the high-temperature limit. We highlight a number of open questions that pertain to the Hamilton-Jacobi approach to work in the quantum regime, such as initial entangled states and open dynamics. An important observation is that, in general, the work distribution associated with closed quantum dynamics will depend on the preparation of the initial mixture.
II. QUANTUM HAMILTON-JACOBI THEORY.
Quantum mechanics can be formulated as a theory of trajectories in phase space as shown by Bohm and others [7-10, 61, 62] . Writing the wave function for a single particle in polar form, ψ(x,t) = R(x,t) exp(iS(x,t)/h), where R ≥ 0 is the amplitude and S ∈ R is the phase of the wave function, and x is the particle position, the Schrödinger equation reduces to two coupled equations for R and S. The imaginary part gives the continuity equation for the probability density R 2 . The real part has the form of the Hamilton-Jacobi equation
where
(2) Here m is the mass of the particle, V (x, p (ψ) (x,t),t) is the external potential and p (ψ) (x,t) ≡ ∇S (ψ) | (x,t) . The above is exactly the classical equation for the same problem but with an additional term, the quantum potential
. According to Hamilton-Jacobi theory, E (ψ) (x,t) and p (ψ) (x,t) are the energy and canonical momentum at point x and time t, respectively. To obtain the trajectories we integrate Hamilton's equation of motioṅ
Q (x,t). For each wave function ψ(x,t), this gives an ensemble of trajectories, namely one trajectory for each initial position x 0 of the particle, see Fig. 1 for an example. Experimentally these particle trajectories have been reconstructed using weak measurements [63] [64] [65] . The probability for being on a trajectory with initial position x 0 inside an infinitesimal volume dx 0 is given by R 2 (x 0 , 0)dx 0 = |ψ(x 0 , 0)| 2 dx 0 , i.e. the Born rule [10, 66] . The continuity equation ensures that the Born rule distribution of the trajectories is preserved in time as |ψ(x t ,t)| 2 dx t = |ψ(x 0 , 0)| 2 dx 0 , where dx t is the time evolved initial infinitesimal volume dx 0 . Note that whenever the quantum potential can be neglected from the total energy, the classical Hamiltonian and the corresponding equations of motion are recovered. For each wave function ψ(x,t) one can now define work as power integrated along any trajectory x t just as in classical mechanics, i.e. the work done on the system between time 0 and τ is [67] 
FIG. 1. Bohmian trajectories for a driven 1D harmonic oscillator, see main text for details. The orange lines show three possible trajectories of the particle all belonging to the ensemble for the wave function ψ(x,t) that starts in the lowest energy eigenstate. The trajectories are specified by the particle's initial position, x 0 . Also shown is |ψ(x,t)| 2 (grey surface); this represents the probability density for finding the particle on each trajectory of the ensemble. The energy of the particle at any point of the trajectory is E (ψ) (x t ,t).
Under unitary evolution Eq. (3) correctly reduces to the energy difference between the end points of the trajectory
For open dynamics, a full integration over the trajectory would have to be performed, using the total wave function, ψ tot , of the system and degrees of freedom to which it couples. If a system's open dynamics arises from it coupling to a large reservoir that has a well defined temperature, then the difference between the energy change, E (ψ tot ) (x τ , τ) − E (ψ tot ) (x 0 , 0), and the fluctuating work, W (ψ tot ) [x t ], can be identified with "fluctuating heat" absorbed by the system from the reservoir. Given definition (3), the probability distribution for quantum work when the system starts in an initial pure state ψ(x, 0) is simply
This is the work distribution assuming that the system is initially described by a single wave function and undergoes either closed or open dynamics. We now discuss the case where the system starts in a statistical mixture of pure states, {ψ ( j) }, with the index j taken to be discrete for simplicity. We refer to statistical mixtures as those that have been prepared in a statistical manner -i.e. with probability p j the pure state ψ ( j) was prepared. The probability distribution of work for this statistical mixture is then given by
This is a positive probability distribution, i.e. P {ψ ( j) } (W ) ≥ 0 for all W and dW P {ψ ( j) } (W ) = 1. It is important to note that P {ψ ( j) } (W ) depends explicitly on the mixture of wave func-
Our definition of P {ψ ( j) } (W ) above means that two different statistical mixtures will produce, in general, two different probability distributions of work even when they correspond to the same density operator,ρ. We give an explicit example of the mixture dependence of the work probability distribution below. If the system is initially entangled with other degrees of freedom the reduced state of the system will be mixed but it does not correspond to a proper physical mixture of pure states. The work distribution is then not given by (5) as there is no unique set of mixing probabilities. In this case, the full wave function ψ tot describing the system and correlated degrees of freedom is required and the work distribution is given by P(W ; ψ tot ), see Eq. (4). For a discussion of the distinction between statistical mixtures and density operators see, for example, [4, [68] [69] [70] . In this paper, we focus on the case where the initial state of the system is a proper statistical mixture of pure states.
B. Average work.
For a statistical mixtureρ of pure states, {ψ ( j) } with probabilities {p j }, the average work under unitary evolution can be obtained from the distribution (5) 
We have used the identity E ( j) (x,t) ≡ ℜ{(Hψ ( j) )(x,t)/ψ ( j) (x,t)} in line 5 [10] and thus for
Thus, for a closed system one always finds that W is equal to the change in the expectation value of the Hamiltonian operator of the system,Ĥ(t), i.e.
whereρ is the density operator for the initial statistical mixture andÛ τ is the evolution operator for the timeinterval τ. Note that because of the linearity of the averages the choice of how the initial density operatorρ was mixed plays no role, i.e. for any set of pure states {ψ ( j) } that corresponds to the density matrixρ the same average work is obtained. We highlight that, in general, this will not be the case for higher moments of work, such as the average exponentiated work (see below).
C. Measurements and the TMP.
A measurement implies a coupling of the system to a measuring device leading to open dynamics of the system during the time interval of the measurement. In the Bohmian formulation measurements can be explicitly included as part of the continuous and deterministic dynamics of the system and the measuring device [10, 61] . The system still follows a trajectory in phase space and so the work can again be computed as integrated power along this trajectory. A general discussion of the thermodynamics of measurements lies outside the scope of this paper, but it is pertinent to understand how the work definition (3) relates to the TMP definition. The protocol in TMP includes two energy measurements of the system [33] . We now describe the TMP in the Hamilton-Jacobi picture and then discuss circumstances in which the TMP work distribution will coincide with that of Eq. (3).
The first energy measurement on an initial density operatorρ dynamically selects one of the eigenstates φ (n) (x, 0) of the HamiltonianĤ(0) with eigenvalue E (n) 0 . This happens in a dynamical process [10, 61] in which the measuring device moves to give an outcome E (n) 0 which is associated with a system trajectory belonging to the ensemble of trajectories of the wave function φ (n) (x, 0). The probability for obtaining outcome E (n) 0 in this measurement is q n = φ (n) |ρ |φ (n) . The negative time derivative of the phase of the wave function φ (n) (x,t) at time t = 0 is E (n) 0 . Hence the particle energy E (φ (n) ) (x, 0) in Eq. (1) after the first measurement is just the energy eigenvalue E (n) 0 , for any position of the particle. The system now evolves according to the HamiltonianĤ(t) such that at time τ the wave function of the system isÛ τ φ (n) (x, 0).
At this time another measurement of the energy is performed. As for the first measurement, this second measurement dynamically evolves the system to an eigenstate χ (m) (x, τ) of the HamiltonianĤ(τ) with eigenvalue E (m) τ . The probability of obtaining this outcome E (m) τ , given the first outcome E (n) 0 , is the conditional probability p m|n = | χ (m) |Û τ |φ (n) | 2 . The distribution Pρ (∆E) for the change in energy outcomes is given by Pρ (∆E) = ∑ n q n P(∆E; φ (n) ) with
Since in TMP the energy change is identified as work this is the TMP work distribution.
If we now consider the same protocol, but with work defined as in Eq. (3), then the integrated power must be computed along the entire system trajectory, including the time intervals where the two measurements take place. Any work done on the system during the two measurements will thus be included, in contrast to TMP. Thus the work distribution based on (3) will in general differ from the TMP work distribution Pρ (∆E). This difference arises due to the fact that during the measurements the dynamics of the system is actually open, as has been pointed out previously by Kammerlander et al., Solinas et al., and Elouard et al. [20, 60, 71] . There are circumstances, however, where the TMP work definition will agree with the trajectory definition (3). For example, if the system is in a mixture of energy eigenstates before each energy measurement, and if in addition the measurements make a negligible contribution to the work compared to the rest of the protocol, then the work (3) will be equal to the difference in the energy outcomes, in agreement with the TMP work definition.
D. Finite-dimensional systems.
While we have here considered particles with continuous variables, discrete systems, such as qubits, can also be treated in the Hamilton-Jacobi approach [10, 61, 72] . For example, if a qubit is physically realised by a spin-1/2 particle then one sets up a spinor wave function and then extracts one overall phase from it, which determines the ensemble of particle trajectories. If a qubit is taken as the lowest two energy levels of a spin-less particle, then the formulation described here, using a scalar wave function, is sufficient. As an example, suppose the qubit is realised as the two lowest levels of a particle in a one-dimensional infinite-well potential of width L [72] . The wave function of any given pure state of the qubit is given by ψ(x,t) = c 0 (t)φ 0 (x) + c 1 (t)φ 1 (x), where c 0 (t) and c 1 (t) are time-dependent complex valued functions and φ 0 (x) = 2/L sin(πx/L) is the ground state and φ 1 (x) = 2/L sin(2πx/L) is the exited state. The work associated with any operation can then be calculated from Eq. (3). For quantitative details of a spin-1/2 particle in the Hamilton-Jacobi formulation, we refer the reader to the textbooks [10, 61] .
IV. EXAMPLE: THE DRIVEN QUANTUM OSCILLATOR.
To illustrate the work distributions we here consider a quantum harmonic oscillator of mass m and frequency ω with external driving, described by the Hamiltonian
where the last two terms in Eq. (7) represent the external driving, given by,
where A is a real constant. The external driving is chosen such that an exact solution for the time-evolution operator can be found [73] , which is given bŷ
whereĤ 0 =hω â †â + 1 2 is the free-oscillator Hamiltonian. The particle trajectories x(t) are given by the solution oḟ
where we must solve for the time evolution of the wave function to obtain the phase S(x,t). The energy eigenstates are most easily found by rewriting Eq. (7) with Eq. (8) aŝ
withb =â − αe −iωt and α = −iA/ √ 2hmω 3 . In this form it is easy to show that the eigenstates ofĤ(t) at fixed t are displaced number states, i.e. states obtained by acting with the displacement operator on the energy eigenstates of the undriven oscillator (for details and literature on displaced number states, see [74] for example). In our case the t = 0 energy eigenstates are displaced number states |ñ α ≡D(α)|n , where |n is the n-th energy eigenstate of the undriven oscillator andD(α) is the displacement operator. The energy eigenvalues ofĤ(t) arehω n + 1 2 − |α| 2 at all times.
A. Initial thermal mixture of energy eigenstates
We consider first the case where the system is in an energy eigenstate |ñ α at t = 0. Because of the explicit time dependence in Eq. (7), the system does not remain in an energy eigenstate. The time evolution operator (9) contains the displacement operator, and evolves the initial state |ñ α to e iA 2 t/(2hmω 2 )D (α + iωtα)|n , which is another displaced number state but with t-dependent complex amplitude. The evolved state is not an energy eigenstate (for t > 0). The phase S(x,t) of the wave function for e iA 2 t/(2hmω 2 )D (α + iωtα)|n is straightforwardly obtained from the displaced number state results [74] and takes the form
The quantum trajectories of the particle are then found from Eq. (10) to be
with x 0 the initial position. Note that the set of trajectories is the same for each initial energy eigenstate |ñ α , i.e. Eq. (13) is independent of n. The work along a trajectory calculated from Eqs. (3), (12) and (13) is given by
We obtain the work distribution by taking into account the probability of the particle following a trajectory (13) with initial position x 0 . The probability distribution for the initial position is given by |ψ n (x 0 )| 2 , where ψ n (x) is the initial wave function for the t = 0 energy eigenstate |ñ α . The initial position distribution is
which is the same as that for the energy eigenstates of the undriven oscillator (at t = 0 the probability density is not displaced relative to the number state). The probability distribution of work for the initial eigenstate (15) is then given by Eq. (4). We now consider an initial statistical mixture of energy eigenstates at t = 0 with thermal probabilities,
for the eigenstate labelled by n with eigenvaluē hω n + 1 2 − |α| 2 . The associated density operator is the thermal state at inverse temperature β = 1/(k B T )
The work distribution for unitary evolution starting from this statistical mixture is given by Eq. (5) using the weights in (16) . Using Eqs. (14), (15) and (16) we can now compute work averages. For example, the average work is
which is the difference in the energy expectation values at t = τ and t = 0, as expected. The average exponentiated work is given by
Before discussing this result in more detail in Section IV C, we will first analyse the case of an initial thermal state when it is prepared as a statistical mixture of coherent states.
B. Initial thermal mixture of coherent states
Above we constructed the initial thermal state as a mixture of energy eigenstates, Eq. (17), and obtained the average exponentiated work Eq. (19) . However, the same initial density operator can be written as a mixture of coherent states |η , i.e.
where p α (η) is the P-representation [75, 76] . For the thermal state of the harmonic oscillator one finds [75, 76] 
where the Gaussian distribution has been shifted by α since the initial HamiltonianĤ(x,p, 0) at time t = 0, see Eq. (7), is displaced byD(α) with energy eigenstates |ñ α . The different initial mixture in Eq. (20) will give different quantum trajectories for the particle compared to the mixture in Eq. (17), even though both mixtures correspond to the same density operator. To obtain the work distribution and work averages for the coherent-state mixture we must find the trajectories for an initial coherent state. For the oscillator initially in a coherent state |η with complex amplitude η, with η R (η I ) the real (imaginary) part of η, the state at t > 0 is found from Eq. (9) to be exp i
where |υ is a coherent state with time-dependent complex
. The corresponding wave-function has the phase
This phase gives the particle trajectories
For this initial wave function the work done on the oscillator between t = 0 and t = τ is given by
The probability distribution for the initial position x 0 is given by |ψ η (x 0 )| 2 , where ψ η (x 0 ) is the wave function for the coherent state |η at t = 0:
The work distribution for the initial coherent state |η is now determined by Eq. (4) with ψ η (x 0 ) as the initial state. The work distribution arising for an initial thermal stateρ β when it was prepared as a mixture of coherent states, (20) , is given by
with p α (η) given by Eq. (21) . Work averages for this mixture can now be evaluated with Eqs. (21), (24) and (25) .
C. Comparison of work averages for two thermal state mixtures.
The average work for the initial coherent-state mixture is W {η} = (Aτ) 2 /(2m), which agrees with Eq. (18), as expected. However, when calculating the average exponentiated work e −βW {η} one finds that it differs from the one obtained for an initial energy-state mixture in (19) . In fact, the quantity e −βW {η} can diverge for certain values of the parameters, in contrast to the result for e −βW {n} . At high temperature e −βW {η} always converges and to leading order in β it is given by
whereas the high temperature limit of Eq. (19) is
Note that to first order in β , e −βW {η} is independent of the driving (A) whereas e −βW {n} is not. The dependence on the driving in the high-temperature expansion of e −βW {η} only appears at third order in β . The fact that moments of the work for a coherent-state mixture can be non-zero even without driving follows from the properties of the coherent state in the Hamilton-Jacobi formulation [10] . Although the average over all trajectories of the energy change of the particle in a pure (undriven) coherent state is zero, the energy change along individual trajectories is not zero in general, due to the quantum potential [10] . This means that higher moments of the energy change do not have to vanish.
For the time-dependent Hamiltonian (11) the partition function associated with the thermal states is the same at any time and thus the classical Jarzynski equality is e −βW = 1. This is correctly obtained for both statistical mixtures, Eq. (28) and Eq. (27) , in the high-temperature limit of β → 0, which is the relevant classical limit here. We note that there is no a priori reason why the mathematical limith → 0 should give the classical physical result here. Indeed, assuming no contributions arising from higher orders of β , for the coherent-state mixture, (27) , the limith → 0 happens to coincide with the classical value of 1. But for the energy-state mixture, (28), theh → 0 limit does not give 1, unless one substitutes the coupling constant A as A 2 = 2m α 2 I (hω)ω 2 where α I is the imaginary part of the displacement parameter α.
The expressions show that in general there is no relation between the average exponentiated work e −βW and equilibrium quantities, such as ∆F, in the quantum case. This arises because each wave function already contributes an ensemble of trajectories to the work distribution in Eq. (4) and such ensembles are not related to Boltzmann distributions in any direct manner. Only the mixing over different wave functions can introduce thermal weights, and the resulting phase space
is thus in general not of Boltzmann form, even if the mixture of {ψ ( j) } corresponds to a thermal stateρ β .
V. CONCLUSION AND DISCUSSION.
Quantum mechanics is routinely taught in a way that stresses subjectivity and indeterminism, while abolishing trajectories in phase space. As Bell pointed out, this is a "deliberate theoretical choice" that is "not forced on us by experimental facts" [6] . Using quantum Hamilton-Jacobi theory we have here generalised the classical definition of work to the quantum case in a straightforward manner. We have provided a positive definite probability distribution characterising the work fluctuations in complete generality, including for coherent quantum systems. The distribution gives the average work as the change of energy expectation values for closed systems while recovering the classical result in the presence of classical dynamics. While this may appear in contradiction with a recently proven "no-go" theorem [77] , note that the work distribution (5) is not linear in the density operator of the system. Thus, it is not of the form considered in Ref. [77] and the theorem does not exclude this case.
In contrast to proposals based on trajectories in Hilbert space, such as the quantum jump approach [16, 46, 47, 59, 60] , consistent histories framework [25] or continuous measurements [17, 23] , the Hamilton-Jacobi approach is based on trajectories in phase space where the system has a well defined energy at all times. These trajectories have been reconstructed using weak measurements [63] [64] [65] , from which the distribution (5) can be inferred.
We here focussed on initial statistical mixtures undergoing closed dynamics -but the work distribution defined in (5) extends naturally to correlated and open systems. Instead of using the wave function of the system alone, the open case requires the use of the wave function ψ tot of the system and any correlated or interacting degrees of freedom. The dynamics of the full system would have to be solved and the power integrated along the phase-space trajectory of the subsystem of interest.
Measurements are a particular example of open dynamics, where the full system consists of the measured system plus the measuring device. The Hamilton-Jacobi approach thus has the ability to explicitly quantify the work done during a measurement. Furthermore, it can be applied to initial states with coherences in the energy basis, whether or not measurements are performed. The removal of initial coherences through certain open processes has been found to allow work extraction [20] . This extracted work could be compared to the average work obtained from the work distribution (5). More generally, it will be interesting to investigate how much work is done on the system when energy or other observables are measured.
We note that, as a general feature of the Hamilton-Jacobi formulation [10, 61] , the predictions for measurement outcomes derived from the Hamiltonian-Jacobi approach will agree with those of standard quantum mechanics. This includes standard tools of quantum mechanics, such as positive valued operator measurements (POVMs). Our work distribution is not associated with a POVM. This explains why here statistical mixtures rather than density operators determine the work distribution, in contrast to previous work definitions. The broader perspective taken here offers new insights into current challenges in quantum thermodynamics by indicating that the statistical mixture may play a bigger role than usually anticipated. It will be interesting to explore implications of this feature on interpretational aspects of quantum theory [78, 79] .
As demonstrated in the harmonic oscillator example, the average exponentiated work in the quantum case is not in general related to equilibrium properties such as the free energy change of the system. This difference from classical statistical physics occurs because the quantum thermal phase-space distribution is not of Boltzmann form and there is an explicit dependence on the statistical mixture. Future investigations can explore how fluctuation relations can be generalized within the quantum Hamilton-Jacobi theory.
In the Hamilton-Jacobi approach the classical limit is transparent as it occurs whenever the quantum potential can be neglected in (2) . The classical equations of motion and corresponding trajectories are then recovered. In some cases the high temperature limit may also give classical results; and we showed that for the specific harmonic oscillator example the classical Jarzynski equality is recovered in this limit. An open problem is to find the general conditions under which high temperature gives classical statistical results.
Many questions remain open in the field of quantum thermodynamics. The approach introduced here shows that they are firmly located in the realm of the "speakable" [6] .
